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Schematic drawings

I Railway construction projects produce highly detailed

blueprints.



Abstraction

A well-known railway schematic: passenger’s metro maps.

Removing and compressing geographical information better

conveys:

I topological structure (finding transfers), and

I sequential information along lines (finding your stop).



Bergen’s topology:
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Måndag – fredag

Frå Byparken
Kl. 1.15–4.00 

(kvart 15. min) Fredag
Siste avg. 

fredag
Byparken .......................... 23.45  0.00  0.15  0.30  0.45  1.00 15N 30N 45N 00N  4.00N
Bystasjonen ..................... 23.47  0.02  0.17  0.32  0.47  1.02 17N 32N 47N 02N  4.02N
Danmarks plass ............... 23.53  0.08  0.23  0.38  0.53  1.08 23N 38N 53N 08N  4.08N
Sletten  .............................  0.00  0.15  0.30  0.45  1.00  1.15 30N 45N 00N 15N  4.15N
Fantoft ..............................  0.03  0.18  0.33  0.48  1.03  1.18 33N 48N 03N 18N  4.18N
Nesttun terminal...............  0.08  0.23  0.38  0.53  1.08  1.23 38N 53N 08N 23N  4.23N
Mårdalen ..........................  0.13  0.28  0.43  0.58  1.13  1.28 43N 58N 13N 28N  4.28N
Lagunen ...........................  0.16  0.31  0.46  1.01  1.16  1.31 46N 01N 16N 31N  4.31N
Sandslivegen ...................  0.20  0.35  0.50  1.05  1.20  1.35 50N 05N 20N 35N  4.35N
Birkelandsskiftet term. .....  0.25  0.40  0.55  1.10  1.25  1.40 55N 10N 25N 40N  4.40N
Bergen lufthavn Flesland .  0.28  0.43  0.58  1.13  1.28  1.43 58N 13N 28N 43N  4.43N

N Nattavgang

Bybanen/linje 1 blir køyrt av Keolis AS
skyss.no, telefon 55 55 90 70 

Måndag – fredag

Frå Byparken
Første 
avgang

Kl. 
6.30–9.30

Kl. 
9.30 –13.30

Kl. 
13.30–18.00

Kl. 
18.0–20.00

Kl. 20.00–23.30 
(kvart 10. min)

Byparken ..........................  5.45  6.00  6.10  6.20

Kvart 
5. min

Kvart 
7.–8. min

Kvart 
5. min

Kvart 
7.–8. min

00 10 20 30 40 50
Bystasjonen .....................  5.47  6.02  6.12  6.22 02 12 22 32 42 52
Danmarks plass ...............  5.53  6.08  6.18  6.28 08 18 28 38 48 58
Sletten  .............................  6.00  6.15  6.25  6.35 15 25 35 45 55 05
Fantoft ..............................  6.03  6.18  6.28  6.38 18 28 38 48 58 08
Nesttun terminal...............  6.08  6.23  6.33  6.43 23 33 43 53 03 13
Mårdalen ..........................  6.13  6.28  6.38  6.48 28 38 48 58 08 18
Lagunen ...........................  6.16  6.31  6.41  6.51 31 41 51 01 11 21
Sandslivegen ...................  6.20  6.35  6.45  6.55 35 45 55 05 15 25
Birkelandsskiftet term. .....  6.25  6.40  6.50  7.00 40 50 00 10 20 30
Bergen lufthavn Flesland .  6.28  6.43  6.53  7.03 43 53 03 13 23 33

1
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Schematic drawings for various purposes

Back to railway engineering.

When a geographical/topological model is available, the

following derived views are useful:

I Timetabling software

I Construction details

I Interlocking specifications

I Dispatcher’s screens



Use cases

Timetable analysis and operations simulation

Source: OpenTrack



Use cases

Dispatcher workstations

Source: Bane NOR control central



Use cases

Signalling/interlocking construction documentation

Source: Norconsult



Problem specification

I develop methods for producing schematic track plans ...

I ... suitable for infrastructure within a single corridor,

I each point can be mapped onto a linear axis.

I used in construction projects to reason about

network topology and travelling lengths

I highways, railways, public transport systems.

Not suited for

I highly connected networks

I with many cycles



Why automate?

I During construction project planning, infrastructure is

dynamic.

I Efficient drawing and updating of drawings helps

coordinate documentation across 3D, 2D and schematic

views.

I Low-effort transfer from geographical CAD drawings to
other software requiring schematic presentation can allow:

– Capacity analysis.
– Dispatcher workstation simulation.
– Visualization of interlocking behavior.



Related work

I Iterative and force-directed algorithms for gradually
transforming a geographical network map.

– S. Avelar. Schematic Maps on Demand - Design, Modeling and

Visualization. PhD thesis, ETH Zürich, 2002

– S. Cabello, M. de Berg, and M. J. van Kreveld. Schematization of

networks. Comput. Geom., 30(3):223–228, 2005.

I Mixed-integer programming for finding exactly
grid-structured and rigidly optimized solutions.

– M. Nöllenburg and A. Wolff. Drawing and labeling high-quality

metro maps by mixed-integer programming. IEEE

Tr.Vis.Comput.Graph., 17(5):626–641, 2011.

– O. Oke and S. Siddiqui. Efficient automated schematic map

drawing using multi- objective mixed integer programming.

Computers & OR, 61:1–17, 2015.

I Story-line algorithms.

– van Dijk T.C., Lipp F., Markfelder P., Wolff A. (2018) Computing

Storyline Visualizations with Few Block Crossings. Graph Drawing

and Network Visualization. GD 2017, Springer.



Talk overview

1. Formalize problem description for
linear-schematic railway track plan.

– Infrastructure input structure
– Drawing output structure
– Drawing constraints
– Drawing optimization criteria

2. Compare encoding approaches.

– Naive SAT encoding
– Cross-section-based SAT encoding
– Levels-based SAT encoding modulo difference constraints



Preliminary definitions

Linear positioning system:

I Within a railway corridor, engineering convention assigns a

scalar value to each point in the plane (”mileage”).

linPos : R2 → R

I Measures approximate travelling distance along the

corridor.
I Usually implemented by mapping points to the arc-length

parametrization of a curve in the corridor.4 Bjørnar Luteberget, Koen Claessen, and Christian Johansen

Reference track

Local track

Projection

(xl, yl)

sr

Fig. 2. Linear reference position calculated by projection onto a reference track.

The main contributions of this paper are: (1) We describe and formalize
the problem of linear schematic railway drawings in Section 2. (2) We define
three mathematical models for schematic plans, and compare their strengths
and weaknesses in Section 3. (3) We develop a downloadable tool that can be
used by railway engineers to visualize infrastructure, and demonstrate its per-
formance and output on real-world infrastructure models in Section 4. Our tool
is meant to be used as a module integrated in the RailCOMPLETE engineer-
ing framework; but it can also be used as a standalone tool by researchers and
developers working on new techniques for analysis and verification, e.g. on in-
terlockings or capacity and timetabling, who can greatly benefit from low-effort,
high-quality visualizations in order to improve communication, usability, and for
lowering the barrier for adoption of their tools and techniques. Our tool takes
input railML files, which are widely available among railway engineers as it is a
standard description format for railway infrastructure. The tool also has options
for placing symbols besides a track in the schematics.

2 Problem definition and formalization

2.1 Linear positioning system

It is a common practice in railway engineering to use a linear reference position-
ing system, which assigns a scalar value to each point on, or beside, a railway
track. The value corresponds approximately to the traveling distance along a
railway corridor from a reference point (which is often a known point on the
central station of the network). For a single track, the linear reference system
may simply be the arc length from the start of the track’s center-line curve. Dou-
ble tracks and side tracks are typically mapped to the linear reference position
by geometrically projecting each point onto a reference curve. The projection’s
target curve may either be a selected reference track (see Fig. 2), or another
curve that does not necessarily coincide with a track, such as the geometrical
center-line of the corridor. For the rest of this paper, we assume that all locations
are already given in such a linear reference system.



Preliminary definitions

Track network representation as a graph-like structure:

I Each node has linear position x.
I Each node has ports, and edges connect two ports.Automated Drawing of Railway Schematics using SAT 5

x = x0 x = x1 x = x2 x = x3

trunkend rightleft

leftright

trunk end

Node (end) Node (switch) Edge Ports

Fig. 3. Graph representation of linearized track plan. Nodes are ordered by an x coor-
dinate, and have a given type which determines which ports it has, e.g., a switch node
has trunk, left, and right ports. Edges connect ports on distinct nodes.

Begin

End

Out./left
switch

Out./right
switch

In./left
switch

In./right
switch

Crossing

(+1 other)

Flyover

(+4 others)

Fig. 4. Node classes and their drawing variants. Begin/end nodes have one variant
each. Switches are divided into four classes (each with two variants) based on their
orientation (incoming or outgoing) and their course (deviating left or right). Crossings
have three variants, and flyovers have six variants (symmetric variants omitted).

2.2 Track network representation

Different track segments are connected together at switches in a graph-like net-
work. The mathematical definition of a graph is too abstract for many engineer-
ing use cases. Some applications use a double node graph [11], or describe tracks
as nodes with two distinct sides [1]. For a schematic plan, we model switches
and crossings as graph nodes which have a given set of ports (Fig. 3 presents all
our modeling elements). Each end of each edge connects to a specific port on
a specific node. Model boundaries and track ends are also represented as nodes
with a single port.

Each location where tracks start/end or intersect with other tracks is rep-
resented as a node of a given class. The classes used in this paper are ends,
switches, crossings, and flyovers (shown in Fig. 4 with all their representative
variants). Each class comes with a different set of drawing requirements. For ex-
ample, a switch is oriented such that its branching edges (left/right) point either
up (called an outgoing switch) or down (called an incoming switch), seen in the
positive direction of the linear positioning system, and each switch class can be
drawn in two different variants, chosen freely, one with the trunk and straight leg
directed horizontally and another with the deviating leg directed horizontally.

I Node have a node class determining drawing and ports.

Automated Drawing of Railway Schematics using SAT 5
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Fig. 3. Graph representation of linearized track plan. Nodes are ordered by an x coor-
dinate, and have a given type which determines which ports it has, e.g., a switch node
has trunk, left, and right ports. Edges connect ports on distinct nodes.
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each. Switches are divided into four classes (each with two variants) based on their
orientation (incoming or outgoing) and their course (deviating left or right). Crossings
have three variants, and flyovers have six variants (symmetric variants omitted).

2.2 Track network representation

Different track segments are connected together at switches in a graph-like net-
work. The mathematical definition of a graph is too abstract for many engineer-
ing use cases. Some applications use a double node graph [11], or describe tracks
as nodes with two distinct sides [1]. For a schematic plan, we model switches
and crossings as graph nodes which have a given set of ports (Fig. 3 presents all
our modeling elements). Each end of each edge connects to a specific port on
a specific node. Model boundaries and track ends are also represented as nodes
with a single port.

Each location where tracks start/end or intersect with other tracks is rep-
resented as a node of a given class. The classes used in this paper are ends,
switches, crossings, and flyovers (shown in Fig. 4 with all their representative
variants). Each class comes with a different set of drawing requirements. For ex-
ample, a switch is oriented such that its branching edges (left/right) point either
up (called an outgoing switch) or down (called an incoming switch), seen in the
positive direction of the linear positioning system, and each switch class can be
drawn in two different variants, chosen freely, one with the trunk and straight leg
directed horizontally and another with the deviating leg directed horizontally.



Problem definition

Linear schematic track drawing algorithm:

d : (N,E) → L

I Nodes N = {ni = (ci, si)}, where ci ∈ C is a node class,

and si ∈ R.
I Edges E = {ej = (na, pa, nb, pb)}, where na, nb ∈ N are two

nodes where sa < sb and pa, pb are distinct, available ports.

I Lines L = {(ej , lj)}, where lj is a polyline, representing the

drawing of edge ej ∈ E by a sequence of points in R2,

〈(xj1, y
j
1), (x

j
2, y

j
2), . . . , (x

j
n, y

j
n)〉



Constraints (1/5): Legible nodes and edges

The most obvious drawing constraints:

I The points at the end of the edges in Lmust

uniquely identify the nodes.

I Edges must not cross or overlap.



Constraints (2/5): Octilinearity

Octilinearity:

lines are horizontal, or diagonal at 45◦.

This property contributes to the neat look of a schematic

drawing, giving a clue that the drawing is not fully geometrically

accurate.

When loops are present in the infrastructure, vertical lines may

also be allowed, such as in the balloon loop used on many tram

lines.

From n To n

Balloon

loop



Constraints (3/5): Linear order

Linear order:

nodes are ordered left-to-right by linear position.

Gives a clear sense of sequence, useful for reasoning about

train movements.

sa < sb ⇒
na

nb

· · · xa ≤ xb

Not a strict inequality in general, though along an edge

xa + d ≤ xb,

for some minimum distance d.



Constraints (4/5): Node shapes

Node shapes:

switches split the track into left and right leg.

Left and right are preserved so that the layout can be traced

back to the geography.

Since one of the legs of the switch is typically straight and the

other is curved, it is also desirable to preserve the straight leg’s

direction relative to the trunk.

Deviating leg

Straight leg



Constraints (5/5): Uniform vertical spacing

Uniform vertical spacing:

parallel tracks are typically required to be drawn at a specific

distance from each other

x coordinates have no such restriction (but are often

integer-valued to fulfill the octilinearity constraint)

∆y ∈ N



Optimization criteria

To produce high quality drawings, we experimented with

various optimization criteria.

The most important ones seem to be:

I Height / width of the drawing

I Number of bends

Other relevant criteria:

I Length of diagonal lines

I Non-default node shapes

I Number of edges that are only 1 unit long

I Vertical distances locally between adjacent edges

I Horizontal distances locally between closest nodes

Different criteria may be prioritized in different use cases.



Talk overview

1. Formalize problem description for
linear-schematic railway track plan.

– Infrastructure input structure
– Drawing output structure
– Drawing constraints
– Drawing optimization criteria

2. Compare encoding approaches.

– Naive SAT encoding
– Cross-section-based SAT encoding
– Levels-based SAT encoding modulo difference constraints



Naive SAT encoding

Problem representation:

I Consider a grid of width w and height h

I Each grid point (x, y) is either unused, represents a specific
node, or an edge on the way from one node to another.

∀x, y, px,y : {unused} ∪ Node ∪ Edge

I Between grid points, horizontal or diagonal line segments

∀x, y, ex,y,→, ex,y,↗, ex,y,↘ : B

px,y = n1

px,y = n2

px,y = e



Constraints:

I (1): Legible nodes.

∀n ∈ N : exactlyOne({px,y = n | (x, y) ∈ [0, w]× [0, h]})

I (1): Legible edges.
– No unused edges:

ex,y,→ ⇒ ¬(px,y = unused) ∧ ¬(px+1,y = unused)

– No crossing edges:

¬ex,y,↘ ∨ ¬ex,y+1,↗

– Consistent edges:

(px,y = n1) ∧ ex,y,→ ⇒ (px+1,y = n2) ∨ px+1,y = e

I (2): Octilinearity is implicit.

I (3): Node ordering:

px1,y = ni ⇒
∨

x2≥x1

px2,y = ni+1



I (4) Node shapes: with n1 switch with right leg edge e to n2:px,y =

Automated Drawing of Railway Schematics using SAT 5

x = x0 x = x1 x = x2 x = x3

trunkend rightleft

leftright

trunk end

Node (end) Node (switch) Edge Ports

Fig. 3. Graph representation of linearized track plan. Nodes are ordered by an x coor-
dinate, and have a given type which determines which ports it has, e.g., a switch node
has trunk, left, and right ports. Edges connect ports on distinct nodes.
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Fig. 4. Node classes and their drawing variants. Begin/end nodes have one variant
each. Switches are divided into four classes (each with two variants) based on their
orientation (incoming or outgoing) and their course (deviating left or right). Crossings
have three variants, and flyovers have six variants (symmetric variants omitted).

2.2 Track network representation

Different track segments are connected together at switches in a graph-like net-
work. The mathematical definition of a graph is too abstract for many engineer-
ing use cases. Some applications use a double node graph [11], or describe tracks
as nodes with two distinct sides [1]. For a schematic plan, we model switches
and crossings as graph nodes which have a given set of ports (Fig. 3 presents all
our modeling elements). Each end of each edge connects to a specific port on
a specific node. Model boundaries and track ends are also represented as nodes
with a single port.

Each location where tracks start/end or intersect with other tracks is rep-
resented as a node of a given class. The classes used in this paper are ends,
switches, crossings, and flyovers (shown in Fig. 4 with all their representative
variants). Each class comes with a different set of drawing requirements. For ex-
ample, a switch is oriented such that its branching edges (left/right) point either
up (called an outgoing switch) or down (called an incoming switch), seen in the
positive direction of the linear positioning system, and each switch class can be
drawn in two different variants, chosen freely, one with the trunk and straight leg
directed horizontally and another with the deviating leg directed horizontally.

 ⇒ ex,y,→ ∧ (px+1,y = e ∨ px+1,y = n1)

I (5) Uniform vertical spacing implicit in grid optimized for

height.



Optimization using SAT

I Have a Boolean formula φ, including numbers represented

as Booleans (e.g. binary or unary encoding).

I Want to optimize some number x.

I Solve the sequence of formulas

φ ∧ (x < m1),
φ ∧ (x < m2), . . . ,.

I Linear search: The sequencemi goes down from some

maximum value v: v, v − 1, v − 2, v − 3, . . ..

I Binary search: The sequencemi in some interval [0, v],
bisect the interval until it contains a single number.



I Early experiments in making a visualization tool:

Eidsvoll:

Asker:



Naive encoding: Performance

However, performance was a problem.Automated Drawing of Railway Schematics using SAT 17

Model Src. Size Direct/SAT Levels/SAT Cross-sec./SAT

hwb size (v/c) bhw size (v/c) hwb hbw bhw size (v/c)

Eidsvoll [19] 35 60.7 57k/153k 0.02 2.3k/0.7k 0.05 0.06 0.33 4.0k/28k

Arna RC 57 294 167k/493k 0.03 4.9k/1.3k 0.26 0.65 1.06 11k/100k

Asker [19] 64 T/O 104k/295k 0.04 5.6k/2.0k 0.61 1.02 0.87 14k/124k

Weert [6] 102 T/O 304k/969k 0.18 11k/4.0k 0.72 19.3 21.4 29k/327k

5x10 T 228 T/O 2.8M/13M 0.58 35k/2.7k 5.83 7.48 8.08 46k/364k

5x20 T 478 T/O 2.8M/12M 3.37 97k/7.7k 279 299 T/O 265k/4.2M

10x5 T 203 T/O 3.0M/14M 0.40 28k/2.0k 0.52 0.59 1.08 20k/83k

20x5 T 403 T/O 3.0M/14M 1.73 70k/4.0k 1.95 2.50 3.36 44k/165k

10x10 T 453 T/O 2.6M/12M 2.74 86k/5.5k 21.9 22.4 40.7 96k/727k

15x15 T 1053 T/O 2.3M/10M 22.7 255k/15k T/O T/O T/O N/A

Table 1. Running times in seconds on a mid-range workstation. Time-outs (T/O) in-
dicate exceeding 300 s. Model sizes are given as the sum of the number of nodes and
edges. Models were obtained from BaneNOR [19], a RailCOMPLETE CAD project
(RC), and adapted from [6]. Scaling test models (T) named n × m consist of n seri-
ally connected stations, each spreading out to m parallel tracks. Optimization criteria
are height (h), width (w) and bends (b). The size columns show the number of SAT
variables and clauses (v/c).

or post-processing), SVG (for use in web pages and web applications), or TikZ
(for use in LaTeX documents).

We have implemented and compared the performance of the above SAT-
based methods, summarized in Table 1 (the linear programming formulation is
omitted for space, since it has lower quality output). The Direct/SAT encoding
has too poor performance to be of practical value. The Levels/SAT encoding is
the fastest, and produces good output when optimizing for bends first. Cross-
sec./SAT is slower, but is more capable for optimizing for height and width.

5 Conclusions and Future Work

We have demonstrated the feasibility of using an incremental SAT solver to
automatically produce and optimize schematic railway drawings using several
different optimization criteria. However, the choice of encoding makes a signifi-
cant difference in the size of models that can be handled in a reasonable amount
of time, cf. Table 1. The direct representation using an explicit grid fails to
handle instances of relevant scale. Only after reformulating the problem in a
more structured solution space, where the order of symbols is hard-coded into
the problem, rather than added as a constraint after the fact, we were able to
solve industrial-size instances in reasonable time for interactive use (i.e., under
1s). A remaining interesting problem is the study of the inherent computational
complexity of the linear schematic drawing problem.

Our goal is that professionals should be able to rely on high-quality automatic
schematics, which requires further tailoring of symbol and text placement to
specific use cases, and integration with GUI tools.



Possible improvements

Problems:

I The representation is large and two-dimensional.

I Cannot easily handle models with more than 50 nodes.

We can reduce the size of the representation by:

I Making better use of the horizontal order relation.

I Is there also an vertical ordering?



Making use of order relations

The vertical order of edges may be (mostly) derived from the

topology.

I Left is above right in outgoing switches
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x = x0 x = x1 x = x2 x = x3

trunkend rightleft

leftright

trunk end

Node (end) Node (switch) Edge Ports

Fig. 3. Graph representation of linearized track plan. Nodes are ordered by an x coor-
dinate, and have a given type which determines which ports it has, e.g., a switch node
has trunk, left, and right ports. Edges connect ports on distinct nodes.

Begin

End

Out./left
switch

Out./right
switch

In./left
switch

In./right
switch

Crossing

(+1 other)
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(+4 others)

Fig. 4. Node classes and their drawing variants. Begin/end nodes have one variant
each. Switches are divided into four classes (each with two variants) based on their
orientation (incoming or outgoing) and their course (deviating left or right). Crossings
have three variants, and flyovers have six variants (symmetric variants omitted).

2.2 Track network representation

Different track segments are connected together at switches in a graph-like net-
work. The mathematical definition of a graph is too abstract for many engineer-
ing use cases. Some applications use a double node graph [11], or describe tracks
as nodes with two distinct sides [1]. For a schematic plan, we model switches
and crossings as graph nodes which have a given set of ports (Fig. 3 presents all
our modeling elements). Each end of each edge connects to a specific port on
a specific node. Model boundaries and track ends are also represented as nodes
with a single port.

Each location where tracks start/end or intersect with other tracks is rep-
resented as a node of a given class. The classes used in this paper are ends,
switches, crossings, and flyovers (shown in Fig. 4 with all their representative
variants). Each class comes with a different set of drawing requirements. For ex-
ample, a switch is oriented such that its branching edges (left/right) point either
up (called an outgoing switch) or down (called an incoming switch), seen in the
positive direction of the linear positioning system, and each switch class can be
drawn in two different variants, chosen freely, one with the trunk and straight leg
directed horizontally and another with the deviating leg directed horizontally.

I Going in the facing direction of the switch, propagate the
above and below nodes until any of the termination
conditions happen:

1. The above and below sets meet in a node.
2. One of the sets has no more edges to follow.

I Union the results for all switches

<E =
⋃

ni∈N
<i

E
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(c) Clothes iron

<E?

(a)

Start node Termination
position

Search direction

(b)

Start nodeTermination
position

Search direction

Fig. 5. A search procedure starting in each node produces a set of tuples for the edge
vertical order relation <E . Figures (a) and (b) show two different start nodes and
search directions, where the lighter, orange edges are all below darker, magenta edges.
Figure (c) shows an input on which the procedure cannot decide an ordering.

(C2)). The node nj which has the highest position sj while still fulfilling the
above criteria, is called the termination position.

Each edge ex reachable from el in H]i,j[ is below all edges ey reachable from
eh in H]i,j[ whenever this pair of edges has intersecting linear position intervals,
in which case we have ex <

i
E ey.

For the direction of decreasing linear position we apply the same argument
with horizontal directions reversed (see Fig. 5(b)). Finally, the relation <E is
defined as the union of the relations from each node,

<E =
⋃

ni∈N
<i

E .

Remark 1. Unconnected graph components must still be explicitly ordered, and
the same for some connected topologies such as the clothes iron example in
Fig. 5(c). These are usually easy to decide from, e.g., a geographical model, and
this situation occurs rarely, in our experience.

3.2 Level-based linear programming encoding

We start out by giving a constraint system on linear equations over continuous
numerical variables which fulfills the hard requirements from Section 2.3 and
can be solved efficiently by linear programming (we used the CBC solver v2.94).
Later, the shortcomings of this model will motivate the introduction of Boolean
and integer-valued variables and a SAT problem formulation.

For each node ni we use two real variables, xi and yi, representing the
schematic coordinates of nodes. For each edge ei we use one real variable li rep-
resenting the edge’s level. This builds in an assumption that each edge is drawn
in three parts as explained in Fig. 6. We introduce the following constraints:

1. Node location ordering for successive nodes ni, nj gives xi ≤ xj , correspond-
ing to the linear order requirement (from Sec. 2.3(B)).

4 Part of the COIN-OR project 2018: https://projects.coin-or.org/Cbc
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eh in H]i,j[ whenever this pair of edges has intersecting linear position intervals,
in which case we have ex <
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with horizontal directions reversed (see Fig. 5(b)). Finally, the relation <E is
defined as the union of the relations from each node,
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Remark 1. Unconnected graph components must still be explicitly ordered, and
the same for some connected topologies such as the clothes iron example in
Fig. 5(c). These are usually easy to decide from, e.g., a geographical model, and
this situation occurs rarely, in our experience.

3.2 Level-based linear programming encoding

We start out by giving a constraint system on linear equations over continuous
numerical variables which fulfills the hard requirements from Section 2.3 and
can be solved efficiently by linear programming (we used the CBC solver v2.94).
Later, the shortcomings of this model will motivate the introduction of Boolean
and integer-valued variables and a SAT problem formulation.

For each node ni we use two real variables, xi and yi, representing the
schematic coordinates of nodes. For each edge ei we use one real variable li rep-
resenting the edge’s level. This builds in an assumption that each edge is drawn
in three parts as explained in Fig. 6. We introduce the following constraints:

1. Node location ordering for successive nodes ni, nj gives xi ≤ xj , correspond-
ing to the linear order requirement (from Sec. 2.3(B)).

4 Part of the COIN-OR project 2018: https://projects.coin-or.org/Cbc



Vertical order relation

The vertical order relation is uniquely determined in many

realistic cases, but may need additional user input in some

cases.

The clothes iron example:
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(C2)). The node nj which has the highest position sj while still fulfilling the
above criteria, is called the termination position.

Each edge ex reachable from el in H]i,j[ is below all edges ey reachable from
eh in H]i,j[ whenever this pair of edges has intersecting linear position intervals,
in which case we have ex <

i
E ey.

For the direction of decreasing linear position we apply the same argument
with horizontal directions reversed (see Fig. 5(b)). Finally, the relation <E is
defined as the union of the relations from each node,

<E =
⋃

ni∈N
<i

E .

Remark 1. Unconnected graph components must still be explicitly ordered, and
the same for some connected topologies such as the clothes iron example in
Fig. 5(c). These are usually easy to decide from, e.g., a geographical model, and
this situation occurs rarely, in our experience.

3.2 Level-based linear programming encoding

We start out by giving a constraint system on linear equations over continuous
numerical variables which fulfills the hard requirements from Section 2.3 and
can be solved efficiently by linear programming (we used the CBC solver v2.94).
Later, the shortcomings of this model will motivate the introduction of Boolean
and integer-valued variables and a SAT problem formulation.

For each node ni we use two real variables, xi and yi, representing the
schematic coordinates of nodes. For each edge ei we use one real variable li rep-
resenting the edge’s level. This builds in an assumption that each edge is drawn
in three parts as explained in Fig. 6. We introduce the following constraints:

1. Node location ordering for successive nodes ni, nj gives xi ≤ xj , correspond-
ing to the linear order requirement (from Sec. 2.3(B)).

4 Part of the COIN-OR project 2018: https://projects.coin-or.org/Cbc

This may also be automated by using geometrical calculations.



Cross-section SAT encoding

I Instead of representing all points on the grid, create

vertical cross-sections of the drawing with unary-encoded

integers for nodes’ and edges’ y values.
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3. A switch node at cross-section ck constrains the edge shape in both directions
by constraining the incoming edges ei according to the node class variant.
For example, for an outgoing left switch we have one incoming edge ei1:

¬akei1 ∧ d
k
ei1 6= Up

The incoming edges ei are replaced by the outgoing edges ej in the cross-
section representation. For example, for an outgoing left switch (see Fig. 9)
we have two outgoing edges ej1, ej2 as the left and right ports, respectively:

akej1 ∧ a
k
ej2 ,

and we have two choices of shape:(
dkei = Straight

)
⇒
(
ykei = ykej2 ∧ d

k
ej2 = Straight ∧ dkej1 = Left

)
(
dkei = Down

)
⇒
(
ykei = ykej1 ∧ d

k
ej2 = Down ∧ dkej1 = Straight

)
Constraints are similar for other node classes.

4. Disabled cross-sections propagate all their values:

¬bk ⇒
∧

ei∈ck

{
ykei = yk+1

ei ∧ akei = ak+1
ei ∧ dkei = dk+1

ei

}
5. Enabled cross-sections require consistency between edge shapes and y values:

bk ⇒
∧

ei∈ck

{(
¬akei ∧ d

k+1
ei = Up

)
⇒ ykei + 1 = yk+1

ei

}
And correspondingly for Straight and Down directions.

y0
3 = 1

y0
1 = 3

y0
0 = 5

y0
2 = 2 Trunk

Lef
t

Right

c0 c1 c2 c3
(deactiv.)

c4 c5 c6
(deactiv.)

c7 . . .Cross-sec.:

Node i (switch) Node j (end)

Cross-sec. c4, c5, c6

Fig. 9. Cross-section SAT representation. Dashed vertical lines show cross-sections ci.
Edges have a y value and a direction to the left of each cross-sec. Thick red arrows
are constraints imposed by node type. Gray columns correspond to deactivated cross-
sections, where shape constraints are propagated to the next or previous column.



Representation:

I 3 cross-sections for consecutive nodes, activated bk ∈ B.
I A unary-encoded integer ykei ∈ [0, Y ] per edge active at

cross-section k.

I Edge direction dkei ∈ {Up,Straight,Down}.
I The ahead variable akei ∈ B indicates whether there is a

propagated edge shape constraint.

Constraints:

I Node shape: for
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x = x0 x = x1 x = x2 x = x3

trunkend rightleft

leftright

trunk end

Node (end) Node (switch) Edge Ports

Fig. 3. Graph representation of linearized track plan. Nodes are ordered by an x coor-
dinate, and have a given type which determines which ports it has, e.g., a switch node
has trunk, left, and right ports. Edges connect ports on distinct nodes.

Begin

End

Out./left
switch

Out./right
switch

In./left
switch

In./right
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Crossing

(+1 other)
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(+4 others)

Fig. 4. Node classes and their drawing variants. Begin/end nodes have one variant
each. Switches are divided into four classes (each with two variants) based on their
orientation (incoming or outgoing) and their course (deviating left or right). Crossings
have three variants, and flyovers have six variants (symmetric variants omitted).

2.2 Track network representation

Different track segments are connected together at switches in a graph-like net-
work. The mathematical definition of a graph is too abstract for many engineer-
ing use cases. Some applications use a double node graph [11], or describe tracks
as nodes with two distinct sides [1]. For a schematic plan, we model switches
and crossings as graph nodes which have a given set of ports (Fig. 3 presents all
our modeling elements). Each end of each edge connects to a specific port on
a specific node. Model boundaries and track ends are also represented as nodes
with a single port.

Each location where tracks start/end or intersect with other tracks is rep-
resented as a node of a given class. The classes used in this paper are ends,
switches, crossings, and flyovers (shown in Fig. 4 with all their representative
variants). Each class comes with a different set of drawing requirements. For ex-
ample, a switch is oriented such that its branching edges (left/right) point either
up (called an outgoing switch) or down (called an incoming switch), seen in the
positive direction of the linear positioning system, and each switch class can be
drawn in two different variants, chosen freely, one with the trunk and straight leg
directed horizontally and another with the deviating leg directed horizontally.

:

¬akei1 ∧ dkei1 6= Up

akej1 ∧ akej2(
dkei = Straight

)
⇒

(
ykei = ykej2 ∧ dkej2 = Straight ∧ dkej1 = Left

)
(
dkei = Down

)
⇒

(
ykei = ykej1 ∧ dkej2 = Down ∧ dkej1 = Straight

)



I Edge vertical order:

(ei <E ej) ⇒
∧
ck

ykei ≤ ykej

I Disabled cross-sections propagate all their values:

¬bk ⇒
∧

ei∈ck

{
ykei = yk+1

ei ∧ akei = ak+1
ei ∧ dkei = dk+1

ei

}
I Enabled cross-sections require consistency between edge

shapes and y values:

bk ⇒
∧

ei∈ck

{(
¬akei ∧ dk+1

ei = Up
)
⇒ ykei + 1 = yk+1

ei

}
I Enabled cross-sections realize rightward-constrained

ahead values a:

bk ⇒
∧

ei∈ck

{(
akei ⇒ ykei = yk+1

ei

)
∧
(
akei ⇒ dkei = dk+1

ei

)
∧ ¬ak+1

ei

}



Cross-section SAT encoding

Advantages in the cross-section encoding:

I Node ordering is implicit in the encoding.

I Node coordinates are deltas (count of active

cross-sections).

I Each cross-section has known edges.

I Edge locations are explicitly constrained.



Cross-section encoding: Performance
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Model Src. Size Direct/SAT Levels/SAT Cross-sec./SAT

hwb size (v/c) bhw size (v/c) hwb hbw bhw size (v/c)

Eidsvoll [19] 35 60.7 57k/153k 0.02 2.3k/0.7k 0.05 0.06 0.33 4.0k/28k

Arna RC 57 294 167k/493k 0.03 4.9k/1.3k 0.26 0.65 1.06 11k/100k

Asker [19] 64 T/O 104k/295k 0.04 5.6k/2.0k 0.61 1.02 0.87 14k/124k

Weert [6] 102 T/O 304k/969k 0.18 11k/4.0k 0.72 19.3 21.4 29k/327k

5x10 T 228 T/O 2.8M/13M 0.58 35k/2.7k 5.83 7.48 8.08 46k/364k

5x20 T 478 T/O 2.8M/12M 3.37 97k/7.7k 279 299 T/O 265k/4.2M

10x5 T 203 T/O 3.0M/14M 0.40 28k/2.0k 0.52 0.59 1.08 20k/83k

20x5 T 403 T/O 3.0M/14M 1.73 70k/4.0k 1.95 2.50 3.36 44k/165k

10x10 T 453 T/O 2.6M/12M 2.74 86k/5.5k 21.9 22.4 40.7 96k/727k

15x15 T 1053 T/O 2.3M/10M 22.7 255k/15k T/O T/O T/O N/A

Table 1. Running times in seconds on a mid-range workstation. Time-outs (T/O) in-
dicate exceeding 300 s. Model sizes are given as the sum of the number of nodes and
edges. Models were obtained from BaneNOR [19], a RailCOMPLETE CAD project
(RC), and adapted from [6]. Scaling test models (T) named n × m consist of n seri-
ally connected stations, each spreading out to m parallel tracks. Optimization criteria
are height (h), width (w) and bends (b). The size columns show the number of SAT
variables and clauses (v/c).

or post-processing), SVG (for use in web pages and web applications), or TikZ
(for use in LaTeX documents).

We have implemented and compared the performance of the above SAT-
based methods, summarized in Table 1 (the linear programming formulation is
omitted for space, since it has lower quality output). The Direct/SAT encoding
has too poor performance to be of practical value. The Levels/SAT encoding is
the fastest, and produces good output when optimizing for bends first. Cross-
sec./SAT is slower, but is more capable for optimizing for height and width.

5 Conclusions and Future Work

We have demonstrated the feasibility of using an incremental SAT solver to
automatically produce and optimize schematic railway drawings using several
different optimization criteria. However, the choice of encoding makes a signifi-
cant difference in the size of models that can be handled in a reasonable amount
of time, cf. Table 1. The direct representation using an explicit grid fails to
handle instances of relevant scale. Only after reformulating the problem in a
more structured solution space, where the order of symbols is hard-coded into
the problem, rather than added as a constraint after the fact, we were able to
solve industrial-size instances in reasonable time for interactive use (i.e., under
1s). A remaining interesting problem is the study of the inherent computational
complexity of the linear schematic drawing problem.

Our goal is that professionals should be able to rely on high-quality automatic
schematics, which requires further tailoring of symbol and text placement to
specific use cases, and integration with GUI tools.
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or post-processing), SVG (for use in web pages and web applications), or TikZ
(for use in LaTeX documents).

We have implemented and compared the performance of the above SAT-
based methods, summarized in Table 1 (the linear programming formulation is
omitted for space, since it has lower quality output). The Direct/SAT encoding
has too poor performance to be of practical value. The Levels/SAT encoding is
the fastest, and produces good output when optimizing for bends first. Cross-
sec./SAT is slower, but is more capable for optimizing for height and width.

5 Conclusions and Future Work

We have demonstrated the feasibility of using an incremental SAT solver to
automatically produce and optimize schematic railway drawings using several
different optimization criteria. However, the choice of encoding makes a signifi-
cant difference in the size of models that can be handled in a reasonable amount
of time, cf. Table 1. The direct representation using an explicit grid fails to
handle instances of relevant scale. Only after reformulating the problem in a
more structured solution space, where the order of symbols is hard-coded into
the problem, rather than added as a constraint after the fact, we were able to
solve industrial-size instances in reasonable time for interactive use (i.e., under
1s). A remaining interesting problem is the study of the inherent computational
complexity of the linear schematic drawing problem.

Our goal is that professionals should be able to rely on high-quality automatic
schematics, which requires further tailoring of symbol and text placement to
specific use cases, and integration with GUI tools.



Comparisons: optimization criteria
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Model: Eidsvoll, imported from BaneNOR railML [19]

Levels/Lin.Prog. Levels/SAT
Cross-sec./SAT,

opt. width/height

Model: Asker, imported from BaneNOR railML [19]

Levels/Lin.Prog. Levels/SAT
Cross-sec./SAT,

opt. height/bends

Model: Arna, imported from RailCOMPLETE CAD project

Levels/SAT Cross-sec./SAT, opt. bends/width

Cross-sec./SAT, opt. height/bends Cross-sec./SAT, opt. height/width

Model: Weert, remodeled from figures in [6]

Cross-sec./SAT, opt. height/bends Cross-sec./SAT, opt. height/width

Symbol placement and style affects track layout

Fig. 11. Comparison of three optimization models on various infrastructure mod-
els: Levels/Lin.Prog. (see Sec. 3.2), Levels/SAT (see Sec. 3.3), Cross-sec./SAT (see
Sec. 3.4). Symbols and labels placed on the drawing may also affect layout (see Sec. 3.5).



Levels-based SAT encoding

Another idea for simplification of the representation:

I Represent each edge by a single y coordinate, its level.10 Bjørnar Luteberget, Koen Claessen, and Christian Johansen

Begin node

End node

(a)

(b)
(c)

Level

Fig. 6. The edge level model divides the edge into three sections on the horizontal axis:
(a) the initial diagonal section from the left-most node to the edge level, (b) the middle
horizontal section connecting the two diagonal sections, (c) the final diagonal section
reaching the right-most node from the edge level. Any of these may have zero length.

(a) Junction (b) Crossover (c) Nested siding loops

(d) Ladder sidings

Fig. 7. Output examples for the linear programming method. The junction (a) and
nested sidings (c) are correctly drawn. The crossover (b) uses 2 units for the diagonal,
where 1 would be sufficient, because each edge requires a level distinct from other edges
with intersecting linear position intervals. The ladder sidings (d) are unnecessarily wide
because node shape variants are not included (compare with Fig. 8(b)).

2. Node location distance for nodes ni, nj connected by an edge ek, where
si < sj , gives xi + |lk − yi| + |yj − lk| + qk ≤ xj , where qk is 0 if the edge
connects an outgoing switch to an incoming switch with the same branching
direction, and 1 otherwise. This creates room for a horizontal line segment
if needed. The sign of the absolute value terms is determined statically (not
part of the linear programming) by the node class and variant. This con-
straint corresponds to the octilinearity requirement (from Sec. 2.3(A)).

3. Edge level ordering for edges: ei <E ej gives li + 1 ≤ lj , corresponding to
the node shape requirement (from Sec. 2.3(C)).

4. Edge levels are related by switches, i.e.: each switch node ni constrains the
trunk-side edge ej and the straight branch-side edge ek to be at the same
level as the node (yi = lj = lk) corresponding to the node shape requirement.

Note that the uniform horizontal spacing constraint (from Sec. 2.3(D)) is implicit
in these equations. Now we have the following criteria available for optimization:

– Width of the drawing. Take the node ni with the lowest si, and the node
nj with the highest sj . Then the width of the drawings is xj − xi.

– Height of the drawing. The height of the drawing is not directly express-
ible in this model, but can be approximated by summing the vertical level

I The line is implicit from the nodes’ coordinates and the

edges y level.



Levels-based SAT encoding

I Also, represent node and edge y coordinates as
unbounded integers and solve difference constraints on

them, separately from the SAT problem (SAT modulo

theories, SMT).

x− y ≤ k

I We make each level distinct using <E , but with an

exception for 1-unit long edges (q ∈ B):

ea <E eb ⇒ la ≤ lb, (¬qupa ∧ ¬qdownb ∧) ⇒ la + 1 ≤ lb

I Represent node x coordinates as deltas saturated at 2:

∆xi ∈ {0, 1,≥ 2}



Levels encoding: Performance
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Model Src. Size Direct/SAT Levels/SAT Cross-sec./SAT

hwb size (v/c) bhw size (v/c) hwb hbw bhw size (v/c)

Eidsvoll [19] 35 60.7 57k/153k 0.02 2.3k/0.7k 0.05 0.06 0.33 4.0k/28k

Arna RC 57 294 167k/493k 0.03 4.9k/1.3k 0.26 0.65 1.06 11k/100k

Asker [19] 64 T/O 104k/295k 0.04 5.6k/2.0k 0.61 1.02 0.87 14k/124k

Weert [6] 102 T/O 304k/969k 0.18 11k/4.0k 0.72 19.3 21.4 29k/327k

5x10 T 228 T/O 2.8M/13M 0.58 35k/2.7k 5.83 7.48 8.08 46k/364k

5x20 T 478 T/O 2.8M/12M 3.37 97k/7.7k 279 299 T/O 265k/4.2M

10x5 T 203 T/O 3.0M/14M 0.40 28k/2.0k 0.52 0.59 1.08 20k/83k

20x5 T 403 T/O 3.0M/14M 1.73 70k/4.0k 1.95 2.50 3.36 44k/165k

10x10 T 453 T/O 2.6M/12M 2.74 86k/5.5k 21.9 22.4 40.7 96k/727k

15x15 T 1053 T/O 2.3M/10M 22.7 255k/15k T/O T/O T/O N/A

Table 1. Running times in seconds on a mid-range workstation. Time-outs (T/O) in-
dicate exceeding 300 s. Model sizes are given as the sum of the number of nodes and
edges. Models were obtained from BaneNOR [19], a RailCOMPLETE CAD project
(RC), and adapted from [6]. Scaling test models (T) named n × m consist of n seri-
ally connected stations, each spreading out to m parallel tracks. Optimization criteria
are height (h), width (w) and bends (b). The size columns show the number of SAT
variables and clauses (v/c).

or post-processing), SVG (for use in web pages and web applications), or TikZ
(for use in LaTeX documents).

We have implemented and compared the performance of the above SAT-
based methods, summarized in Table 1 (the linear programming formulation is
omitted for space, since it has lower quality output). The Direct/SAT encoding
has too poor performance to be of practical value. The Levels/SAT encoding is
the fastest, and produces good output when optimizing for bends first. Cross-
sec./SAT is slower, but is more capable for optimizing for height and width.

5 Conclusions and Future Work

We have demonstrated the feasibility of using an incremental SAT solver to
automatically produce and optimize schematic railway drawings using several
different optimization criteria. However, the choice of encoding makes a signifi-
cant difference in the size of models that can be handled in a reasonable amount
of time, cf. Table 1. The direct representation using an explicit grid fails to
handle instances of relevant scale. Only after reformulating the problem in a
more structured solution space, where the order of symbols is hard-coded into
the problem, rather than added as a constraint after the fact, we were able to
solve industrial-size instances in reasonable time for interactive use (i.e., under
1s). A remaining interesting problem is the study of the inherent computational
complexity of the linear schematic drawing problem.

Our goal is that professionals should be able to rely on high-quality automatic
schematics, which requires further tailoring of symbol and text placement to
specific use cases, and integration with GUI tools.
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Comparisons: Cross-sections vs. Levels
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opt. width/height

Model: Asker, imported from BaneNOR railML [19]

Levels/Lin.Prog. Levels/SAT
Cross-sec./SAT,

opt. height/bends

Model: Arna, imported from RailCOMPLETE CAD project

Levels/SAT Cross-sec./SAT, opt. bends/width

Cross-sec./SAT, opt. height/bends Cross-sec./SAT, opt. height/width

Model: Weert, remodeled from figures in [6]

Cross-sec./SAT, opt. height/bends Cross-sec./SAT, opt. height/width

Symbol placement and style affects track layout

Fig. 11. Comparison of three optimization models on various infrastructure mod-
els: Levels/Lin.Prog. (see Sec. 3.2), Levels/SAT (see Sec. 3.3), Cross-sec./SAT (see
Sec. 3.4). Symbols and labels placed on the drawing may also affect layout (see Sec. 3.5).
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Conclusions

Conclusions:

I Incremental SAT solvers can draw railway schematics,

managing several optimization criteria.

I The choice of encoding makes a significant difference for

larger models.

I Better encodings required after finding a more structured

solution space, where the order of symbols is

hard-coded/implicit in the SAT problem.

Future work:

I Is the Levels formulation really NP complete?

I Industrial use would require symbol placement and

interactive manipulation.


